Pas^ejiGHHe nepeMGHHMX h 6H4)ypKai];HH nepBMX HHxerpajioB b 

o^HOH sa^ane ^.H. FopaHeBa 

n.E. PhGobQ 

<l>HHaHCOBbIH yHHBCpCHTeT npH IIpaBHTejIbCTBe P<D 
POCCHH, MocKBa 
E-mail: orelryabov@mail.ru 

UoAyueHO ZZZZZZZZZZZZZZZZZZZZZZZZZZ 



IIocTpoeHO BemecTBeHHoe pasflejieHne nepeMeHHbix fljia oflHoro nacTHoro cjiynaa HHTerpHpyeMOCTH 71. H. FopaHeBa 
B saflai^ie o flBHJKeHHH TBepfloro Tejia b jkhakocth. ITojiyHeHbi ypaBHenHa A5ejia-5lKo6H c MHoro^ijreHOM mecToii CTenenH 
nofl paflHKajiOM. Bee cjaasoBbie nepeMeHHbie ajire6paHHecKH BbipajKeHbi ^lepes paaflejieHHbie nepeMennbie. Ha oenoBe 
aBHbix pemeHHit HeejieflOBana cjaasoBaa Tonojiorna saflaMH. 
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The separation of variables and bifurcations of first integrals in one problem of 

D.N. Goryachev 

The equations of motion in one partial integrable case of D.N. Goryachev in the rigid body dynamics are separated by 
the real change of variables. We obtain the Abel-Jacobi equations with the polynomial of degree 6 under the radical. The 
natural phase variables (components of the momentum and the momentum force) are expressed via separated variables 
explicitly in elementary algebraic functions. Basing on these expressions the phase topology of the system is described. 
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1 BBe^GHHe 

YpaBHeHHa Knpxroc^a flBHJKenHH TBep/];oro TCJia b jkh^kocth b o6n;eM cjiynae HMeroT buji 

M = Mx- hax-— , a = ax- — , (1.1) 

dM da dM' ^ ' 



^Pa5oTa BbmojmeHa npn cjaHHancoBOH nofl/i,ep>KKe rpanTa POOH n ABO JY^ 10-01-97001. 
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rfle M G - HMnyjitcHBHbiH mombht, q; G - HMnyjibCHBHaa CHjia, H = H{M, a) - nojinaa 
SHeprna. HsBecTHbiMH HHTerpajiaMH CHCTeMbi (jl.ip hbjihiotch reoMeTpHHecKHH HHTerpaji 

r = aj + al + al, (1.2) 

HHTerpaji njioiii,a/i,eH 

L = Mioi + M2a2 + Msas 
H nojiHaa SHeprna if. Ha coBMecTHOM ypoBHe 

Va/ = {T = a\ L = £}, dimVa/ = 4 

CHCTeMa (jl.ip raMHjiBTOHOBa c ffsyMn CTenenaMH CBo6oflbi, b cbhsh c hbm p^jia ee HHTerpHpyeMOCTH 
flocTaTOHHo B flonojiHeHHe K HHTerpajiy H yxasaTb eme o/i,hh HHTerpaji, nesaBHCHMbiH c H noHTH 
Bciofly. 

B paSoTe [1] Hafi^^eH cjiynaH HHTerpnpyeMOCTH, b KOTopoM 

H = liMf + M|) + Mi + hc{al - al) + \]. (1.3) 

B npe/i,nojioJKeHHH 

L = (1.4) 

CHCTeMa (jl.ip Ha T'a^o HMeeT HepBbiH HHTerpaji 

F = [Ml - M| - + cai]2 + 4[MiM2 - ^l^. (1.5) 

B HacTHOM cjiynae 6 = 3tot HHTerpaji Han^eH C.A. HaHjibirHHbiM p]. TaM JKe BbiHOJiHeHO h cbc- 
flenne sa^anH npn 6 = k sjijiHHTHHecKHM KBa/i;paTypaM. ^ajTbHeftniHe o6o6ii];eHHH paccMarpHBae- 
Maa HHTerpnpyeMaa CHCTeivia HOJiynnjia b pa6oTe X.M. 51xba [3]. 5lBHoro CBeflenna cjiynaa FopaneBa 
(|1.3p - p.5p K KBaflpaTypaM j^o nacToamero MOMeHTa HaiifleHO ne 6bijio. B pa6oTe P] na ochobc H/^eit 
GnraMHjibTOHOBa noffKop^a Hpe^jiojKeHbi nepeMeHHbie pasflejicHHa, oflnaKO Hpe/i,JioJKeHHbie ypaBHenna 
THHa A5ej[a-5lKo6H hojihoctbio b aBHOii 4)opMe ne BbiHHcanbi. He HaiifleHbi ii saBiiciiMOCTii (J^asoBbix 
nepeMeHHbix ot nepeMeHHbix pas^ejieHiia, b cBaaii c hcm pesyjibTaTbi [3| eru;e /];ajieKH ot saBepmeniia. 

B HacToameii ny6jiHKaii;iiH npeflCTaBjieHO aBHoe pasflejieniie nepeMeHHbix j^jisi cjiynaa FopaneBa. 
9to pemeHHe ne Tpe6yeT npHBjieHeHHa KaKux-jiiiGo MaTeMaTunecKHX TeopiiH. HojiyHenbi npocTbie 
pasflejieHHbie /];ii4)4)epeHii;HajibHbie ypaBHeniia, Bce ncxoflHbie 4)a30Bbie nepeMeHHbie ajireGpaHnecKH 
BbipaJKCHbi Hepea nepcMennbie pasflejienna. 



2 napaMeTpH3ai];Ha HHxerpajibHbix MHoroo6pa3HH 

B 3TOM naparpacjje mm o6o6in;aeM saMenbi C.A. HanjibirHHa [2], cjie^ya reoMCTpHHecKOMy no^xo/iy k 
pasflejiennio nepeMennbix, npe^JioJKeHHOMy b [5l[6l[7]. 

BMecTO oflHoro h3 HHTerpajioB H, F MOJKno paccMaTpnBaTb HHTerpaji b 4)opMe, npefljiojKennoH 

K = [Mf + M| + \f + 2cal{Mf - M|) + c^aj. 
HpH ycjioBHH (jl.4p OH BbipajKaeTca nepea H a F cjieflyioHi,HM o6pa30M: 

K = F + -H-^^. (2.1) 

Ho/];xo/];ain,HM Bbi6opoM e/iHHHu; HSMepenHH h nanpaBjieHHa noflBHJKHbix oceii mojkho flflSnTbca 
Toro, HTo6bi 6bijio BbiHOjineno c = 1 n a = 1. 
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BBe;i;eM nepeMennbie x, z, ^, nojiaraa 



h 



x'^ = a( + a^, z = ai, i = M( + + —. (2.2) 

3th nepeMeHHbie noflCKasanbi pa6oTOH [2], b KOTopoii npn 6 = ohh npHBejiH k pa3/i,ejieHHio. Cjiejxya 
C.B. KoBajieBCKOH, BBe^eM TaKJKe KOMnjieKcnyro saMeny (i^ = —1) 



wi = Mi + [M2, W2 = Ml- iM2, 
xi = ai + iQ2, X2 = Q-i — ia2- 



(2.3) 



FeoMeTpHHecKHH HHTerpaji npHMeT bh/i, 

x'^ + z = l, (2.4) 
a nocKOJiBKy caivia nocTanoBKa sap^aHU npe^nojiaraeT 03 ^ 0, h3 (|1.2p . ()1.4p . (|2.3p BbipasHM 

M3 = + (2.5) 

HoflCTaHOBKa (|2.2p . (I2.5p b ypaBHeHHH 

iJ = /i, K = k (2.6) 
HHTerpajibHoro MHoroo6pa3HH J/^^fc <ZV = Vifl npHBO^HT hx k Bnpj 

wl + wl = '^~J -z, (2.7) 

xj{wl +z)+ xl{wj + z) = Ahz - 2^ - 26 ^1 - (2.8) 
Hs onpe/i,ejieHHa (|2.2p c HcnojibsoBaHHeM (|2.4p . (|2.7p HMeeM TaioKe 

wiW2 = ^-^, (2.9) 

z^{wl + z){wl + z) = kz^ - 2hiz + 62, (2.10) 
XiX2 = l-Z. (2.11) 

H3 (EZD, (122]) HaXOAHM 

1 , , , , I , , , , 

rfle 

99±(z,^) = /c±26- (C±2)^. 
BBefleM KOMnjieKCHO conpajKennbie nepeMennbie 

Hi = z{wl + z) , ^2 = z{w\ + z), (2.12) 

n nycTb = fiifi2- Torp^a ypaBHeHne (|2.1Up npnivieT bh/i, 

1^'^ = kz'^ - 2bS,z + b"^ . (2.13) 

OTCiofla, B nacTnocTH, cjieffyeT, hto jiio6aa TpaeKTopnii cncTeMbi H3o6pajKaeTCH b BH^e KpnBon na 
noBepxHOCTH BToporo nopH/iKa (j2.13p b BemecTBeHHOM TpexMepnoM npocTpancTBe M.^{z,£,, h). 
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Hs USD, (I2Z3) Haxo/];HM 
06o3HaHaH ip = — ^'^ + k, ip± = Tp ±2fi, MOJKeM sanncaTb 



/Ul + = -2^ - + k. 



(2.14) 



06o3HaHHM 



2/1^2 - + 6)^ + 6, 0± = ± (1 - 



Tow H3 ([23]), (I2TT]) . (I2J2]1 nojiyHHM 

1 



HjiH, c yneTOM (|2.14p 



Xl 



V2- 



+ 



X2 



^1 



X2 



V2- 



BbipajKeHHa fljia M3,a3 naxo^HM Tenepb h3 ()2.5p h BToporo cooTHomeHHH (|2.2p . TaKHM o6pa30M, 
HaiifleHbi Bce ajireGpannecKHe BbipaJKeHHH fljiH 4)a30Bbix nepeMeHHbix Hepe3 flBe BcnoMoraTejibHbix 
nepeMeHHbix ^. BosBpamaact k BemecTBeHHbiM KOMnoneHTaM 4)a30Boro BeKTopa, HMeeM 



'2V z ' 



a2 



"3 



(2.15) 



2^/2^ 



CnHTaa, hto b npe/icTaBjieHHbix Bbime cJjopMyjiax Bbi6paHO /U ^ 0, 3anHmeM ycjioBHe cymecTBOBa- 
HHH BemecTBeHHbix pemeHHH (|2.15p b BH^e CHCTeMbi nepaBencTB 

<p+(z,C)^0, 99_(z,O^0, 

ij+{z,C)^0, ^_(z,e)^0, 

0+(z,O^O, 0_(z,O^O. 

3aMeTHM,HTO noflCTanoBKa k Hepe3 nocTOHHHyio HHTerpajia F, KOTopyio no OHeBH/i,HbiM cooGpajKe- 
HHSM o6o3HaHHM Hepe3 flaeT 

9+9^ = [^-b-f + ib + f- 2h)z][C -b + f + {b-f- 2h)z]z\ (2.16) 

KpoMe Toro 

= ^^ip. = [{z - 0^ + 26 - k][{z + e)^ - 26 - k]. 

OTCiofla cjie^yeT, hto npoeKu;HH HHTerpajibHoro MHoroo6pa3Ha ^ na njiocKOCTb {z, ^) orpanHHena 
cerMeHTaMH (bo3mo>kho, h HeorpaHHHeHHbiMn) npHMbix 

e-6±/ + (6T/-2/i)z = 0, 



2 - C ± VA; - 26 = 0, z + C ± VA; + 26 = 0, 
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KajKflaa h3 KOTopbix, ecjiH ona KoppeKTHO onpeflejiena, cjiyjKHT KacaTejitHoli k kphboh BToporo no- 
pHflKa 

g : kz'^ - 2b^z + b'^ = 0. (2.17) 

Bbi6paB ceMelicTBO TaKHX KacaTejibHbix b KanecTBe KoopflHHaTHoft ceTH b cooTBeTCTByiomeii KOMnoHen- 
Te njiocKOCTH, nojiyHHM, hto b TaKofi ceTH p^jia Bcex flonycTHMbix nap nocTOHHHbix nepBbix HHTerpajioB 
o6jiacTb B03M0JKH0CTH j^BumeHnn OKajKBTca npHMoyrojibHOH, HTO, KaK npaBHjio, Bejier k pas/iejiennio 
nepeMeHHbix [51 [7] . 



3 BemecTBGHHoe pas^ejieHHe nepeMGHHbix 

KajK/iaH H3 KacaTejibHbix k KpiiBoli (|2.17p b o6jiacTii 

kz"^ - 2hiz + 6^ ^ 0, 

b cboio OHepe/];b, HBjiHeTca npoeKii;iieH na njiocKOCTb (z, ^) napbi npaMOJiHHeliHbix o6pa3yioni;HX oflHO- 
nojiocTHoro rHnep6ojiOH/i,a (|2.13p b npocTpancTBe M^(2;,^,//). Bbi6epeM b KanecTBe napaMeTpoB flByx 
ceMeficTB TaKiix oGpasyiomiix Kopnii ui , U2 KBa^paTHoro ypaBHeHHH 



zu 



2hu + {2hi - kz) = 0. 



(3.1) 



Ero flHCKpHMHHaHT, paBHbiH , B CHjiy ()2.10p HeoTpimaTejien na Bcex TpaeKTopiiax, nosTOMy ui,U2 
Ben],ecTBeHHbi. Tor/i,a h3 (j3.ip . (|2.13p naftfleM 



26 



UiU2 + k 
Ui +U2 



Ul - U2 
? . 

Ul + U2 



(3.2) 



0603HaHHM 



H nycTb 



pi{u) = 2b + k-u^, P2{u) = 2b - k + , p^[u) = {u - bf - f 



Pij =Pi{Uj), 



(3.3) 



nj = y/pTj (i = l,2,3; i = l,2). 

SnaK KajKfloii h3 BejiHHHH rij npoH3BOJieH, ho bo Bcex Hcnojib3yeMbix o/i,HOBpeMeHHO cJjopMyjiax flOJiJKen 
6biTb Bbi6paH oflHHaKOBbiM. HMeeM 



__PUPV2_ 

{Ul +U2Y' 

PI2P2I 
{Ui +^2)2' 

2bpsi 
(ui +^2)^' 



P21P22 

(Ul + U2)2 
PIIP22 

{ui + n2)2' 

2bp32 
{Ui + U2)'^ ' 



nOflCTaBJIHH 3TH BbipaJKeHHH BMeCTB C (|3.2p B (|2.15p . Bbl6HpaeM 3HaKII pa^HKajIOB corjiacoBaHHbi- 

Mii TaKHM o6pa30M, HTo6bi BbinojiHajiHCb HHTerpaJibHbie cooTHomeniiH (I2.6p . J^Jin 3Toro ^ocTaTOHHO 
BbinojiHeHHH paBBHCTBa, no CMbicjiy corjiacoBannoro c ()2.16p : 



IIoSTOMy nOJIOJKHM 



-1- 



run2 

Ml + ti2 ' 
Ul + M2 ' 

V2br3i 

Ul +U2' 



. r2ir22 
1 . 

Ul +U2 

riir22 
U1+U2' 

V2br32 

Ul + U2 
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Torfla H3 (|2.15p nojiynaeM 



Ml = 1 — , , =, M2 



2v/26('ui +U2)' 2^26(ni +U2)' 

^3 = - ^ rr,\ ^(n2?'22?'3l + mr-2ir32), 

2\/b{uf — U2) 

^ 2Vb{ul-^'^^ ^'''™' ^ nir22r32), (3.4) 



"2 = Tf-^; ^(?'11?'22?'31 + n2?^21?'32), 

2v6(uf - ti2) 



"3 
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JXjih BbiBOfla flHc|)(|)epeHi];HajibHi)ix ypaBHeHHfi fljia hobbix nepeMennbix , U2 h3 onpe/iejieHHa ([T 
B cHjiy cHCTeMbi (jl.ip Hait^eM 

^ = 2a3(a2Mi + aiM2), i = 2a3(aiM2 - a2Mi), 

HTO B no/];cTaHOBKe (j3.4p flaeT 

(uf - A:)ri2r22r32 + (u^ - k)riir2ir3i . _ 2\/6(riir2ir3i + ri2r22r32) 



\/6(uf-u|)(ui + n2) ' (uf + n2) 

C flpyroH CTopoHbi, h3 (|3.2p HMeeM 



[{ul - k)ui + {uj - k)u2] , ^ = -7 — ^2 (^l + ^2)• 



(ui + -' (Ui + n2 

Hb flByx nocjie^HHx cHCTeM nojiyHHM pasflejieHHyio cHCTeMy 



(ui - U2)ui = ^/W{ul), (ni - U2)u2 = \/VF(u2), (3.5) 

rfle 

W^(^i) = Ipi{u)p2iu)p3iu) = ^i2b + k-u^){2b-k + u^)[{u-bf - f]. (3.6) 
ypaBHeHHH (I3.4p . (|3.5|) /],aioT nojiHoe pemeHHe sa^aHH CBepfiHusi cjiynaH ^.H. FopHHeBa k KBa^paTypaM. 

4 ^onycTHMaa oGjiacxb h 6H4)ypKai],HOHHaa ^narpaMMa 

HaHHHaH c 3Toro MOMeHTa, CHHTaeM, hto ocTaBniHiicH CBo5o/],HbiH 4)H3HHecKHH napaMBTp nojioJKHTejien 

b>0. (4.1) 

riojiyHeHHbie Bbime anajiHTHHecKHe pesyjibTaTbi no paBflejieHHK) nepeMennbix cnpaBefljiHBbi h j^jisi 
6 < 0, HO KanecTBeHHoe noBe^eHHe CHCTeMbi MOJKeT snaHHTejibHO OTjinnaTbCH. B nacTHOCTH, nojinaa 
sneprna b OKpecTHOCTH oco6eHHOCTH a3 = OKajKeTca HeorpaHHHeHHOii CHHsy. 

B KanecTBe napbi nesaBHCHMbix (hohth Bciofly) HHTerpajioB na V yflo6HO Bbi6paTb K, F. Be^eM 
HHTerpajibHoe OTo6pajKeHHe 

J = K X Vf -.V -^R^ (4.2) 
H paccMOTpHM HHTerpajibHbie MHoroo6pa3HH 

Jkj = J~Hk, f)={CGV: K{C) = k, FiC) = f} (/ ^ 0). 
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B ciijiy cooTHomeHHJi (|2.1|) ohh coBnaflaroT c cooTBeTCTByiomHMH MHoroo6pa3HJiMH 

^ajiee mm nojibsyeMCH MeTo^aMH pa6oTbi [8]. HanoMHHM neKOTopyio TepMHHOjiorHK). 
^onycTHMbiM MHOJKecTBOM Ha3biBaeTC3 no;];MHOJKecTBO T> njiocKOCTH {k,f), cocTOHmee h3 Bcex 
TOHeK, jiJisi KOTopbix Jfcj 7^ 0. OHKCHpyeM {k,f) £ T>. ^ocTHJKHMoit o6jiacTbio Acc{k, f) HasbiBaeM 
npoeKu;Hio HHTerpajibHoro MHoroo6pa3HH J^j na njiocKOCTb {ui,U2)- Hs (|3.4p . (|3.5p b npe/],nojioJKeHHH 
(|4.ip cjiejjjeT, HTO jiio6aH CBHanaH KOMnoneHTa /],octh>khmoh o6jiacTH HBjiaeTCH npHMoyrojiBHHKOM, 
orpaHHHeHHbiM OTpesKaMH npHMbix, napajijiejiBHbix Koop/;HHaTHbiM ochm. Ha bthx npHMbix SHaneHHe 

nOCTOHHHOH KOOpflHHaTbl HBJIHeTCH KOpHeM MHOrOHJieHa W{u), HaSblBaeMOrO MaKCHMajIbHbIM MHoro- 
HJieHOM. 

HanoMHHM, HTO 6H4)ypKaii;HOHHoli ^HarpaMMofi HasbiBaeTCH noflMHOJKecTBO S C M^, na^ KOTopbiM 
OToGpajKeHHe (j4.2p He HBjiaeTCH jioKajibHO-TpHBHajibHbiM. B ycjiOBHHX paccMaTpHBaeMoli sa^ann oho 
coBHa^aeT c MHOJKecTBOM KpHTHHecKHX 3HaHeHHH J. HajiHHHe saBHCHMOCTeli (|ci.4p rapaHTHpyeT, hto 
S ecTb HacTb flHCKpHMHHaHTHoro MHOJKecTBa A MHoroHjiena ()3.6p . co^epxcamaaca b P: 

S = An2?. (4.3) 

Hs (j3.6p nojiynaeM, hto A coctoht h3 Tpex npHMbix 

k = 2b, k = -2b, / = 

H HeTbipex napa6oji 

k = ±2b+{f±bf. (4.4) 

^jiH HaxoJK/];eHHa flonycTHMoro MHOJKecTBa Tpe6yeTCH nojiyHHTb Heo6xo/i;iiMbie h /locTaTOHHbie 
ycjioBHH BemecTBeHHOCTH SHaHeHHH ()3.4p B TepMHHax 3HaKOB noflpa;];HKajibHbix BbipajKeHHit b naH- 
6ojiee KOMnaKTHOH cJ^opMe nesaBHCHMbix nepaBencTB, jierKO npoBepaeMbix b o6jiacTiix, na KOTopbie 

njIOCKOCTb nOCTOHHHblX HHTerpajIOB flejIHTCa /IHCKpHMHHaHTHbIM MHOJKeCTBOM. 

riycTb B = {0, 1} - 6yjieBa napa. Cjie;i;ya [8], bbo^hm 4)yHKii;Hio (6yjieB snaK) bsgn : M — J- ^B, TaKyio, 

HTO 

, ( 0, e^o 

b^s-(^) = 1 1, 6<o ■ 

06o3HaHaa chmbojiom © cyMMy no Mo^yjiio 2, Hivieeivi cbohctbo 

bsgn(6'i6'2) = bsgn(6'i) © bsgn(6'2). 

BBe;i;eM 6yjieBbi nepeMennbie 

Zi = bsgnpii, zs+i = bsgnpj2 (i = 1, 2, 3). 

ITpH OTcyTCTBHH KpaTHbix KopHeft MHoroHjiBHa W jiio6aH KOMnoneHTa /];octhjkhmoh o6jiacTH Acc{k, /) 
HMeeT BnyTpennroK) Tonxy. B TaKon tohkb ycjioBHH Beni,ecTBennocTH (|3.4p sannmyTCH b BH^e cncTeMbi 
iS-Jinnennbix ypaBnennn 



(4.5) 



Z2^ 




= 1, 




zi € 


B Zi 


= 0, 




Z3^ 


D Zi 




= 1 


Zl i 


D Z2 




= 1 


Z2i 




®Zi 


= 


Zl € 




®ZQ 


= 


Zl C 




0^5 


= 1 


Z2i 


D Zi 


0^6 


= 1 



OneBH;];no, panr stoh cncTeMbi na/i, B paBen 4 n ona sKBHBajienTna cncTeMe 

Ax = C°, (4.6) 
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rfle z = {zi, .. 

HarjIHflHOCTH) 



G B^, Syjieea MaTpHii;a A hmbbt bh^i; (nyjib H3o6paJKaeM nycTofi KjieTKoft ^jin 



(4.7) 





Z2 Z3 Z4 Z5 


Z6 


Ci 


1 1 


1 




1 1 




Cs 


1 


1 


C4 


1 1 


1 



aC° = (0,l,l,0)^. 

SaMeTHM, HTO 

no3TOMy K CHCTeMe 



Pl{u) > -P2{u). 
MOJKHO /];o6aBHTb yCJIOBHH-HMnjIHKai^HH 

1, 



1^1 

(Z4 



1, 



Zl,Z2) / (1,1), 
Z4,Z5) / (1,1). 



Kpojvie Toro, TpaHcno3Hii,HH ui -f-)- n2 b (JjopMyjiax (|3.4p paBHOCHjibna saMene snaxa y Bcex rij o^ho- 
BpeMeHHO, no3TOMy mojkho ycjioBHTbCH, HanpHMep, o BbinojiHeHHH HepaBencTBa 



OTKyfla 



2 2 
Ul < U2^ 



P21 < P22, 



(Z5 ^ Z2) = l^ iz2,Z5) / (0,1). 

IlepeHHCJieHHbiM ycjioBHHM OTBenaeT jinnib o^ho h3 neTbipex pemeHHii CHCTeMbi (|4.6p 

z = (0,1,1,0,0,0)^. 

Cjie/];oBaTejibHO, e/];HHCTBeHHaH CHCTeMa HepaBencTB, o6ecneHHBaioiii,aH BemecTBeHHOCTb pemeHHH ([3? 
npH floroBopeHHOCTH ()4.8p . HMeeT bh^ 



{k + 26) - nf ^ 0, ul-{k- 2b) ^ 0, (-ui - - f ^0, 
{k + 26) - n2 ^ 0, -ui - (A; - 26) ^ 0, (^2 - 6)^ - f ^ 0. 



(4.9) 



TaK KaK Mbi ycjioBHjiHCb 5paTb / HeoTpHii,aTejibHbiM, to OTCio/i,a cpaay cjiefljeT, hto pemeHHH bo3mojk- 
Hbi jiHinb b KBaflpaHTe 

^ 26, / ^ 0. (4.10) 

BBe/],eM B CHjiy SToro o6o3HaHeHHa 



nil = Vk — 2b, 1712 = Vk + 2b (0 < mi < m2), 
ni = b-f, 722 = 6 + / (ni^n2). 

IIpH ycjioBHH (|4.ip H3 nocjie/iHero ypaBHenna (|3.4p c Heo6xoflHMOCTbio BbiTeKaeT Tpe6oBaHHe 

U1+U2 ^ 0. 



(4.11) 



HosTOMy npH BbiSope (|4.8p nojiynaeM, hto U2 ^ 0, h Tor^a CHCTeMa (I4.9p onpe^ejiHeT cjie/iyiomHe 
ycjioBHa Ha flocTHJKHMyio o5jiacTb 



Ul £ [-nil, mi] n [ni,n2], U2 G [mi, m2]\[ni, 712]. 



(4.12) 



IlepeceHeHHe MHOJKecTBa A c KBa^paHTOM (I4.10p noKasano na pnc. [TJ IIpH nepexofle Hepe3 3Ha- 
HeHHe 6=1 HCHe3aeT o6jiacTb III n B03HHKaeT o6jiacTb, o5o3HaHeHHaH III^,. Ha napa6ojiax ()4.4p . b 



8 



(26,0) (26,0) 

«) 6) 



Phc. 1: ^HCKpHMHHaHTHoe MHOJKecTBo H KOflHpoBKa oGjiacTeft: a) 6 < 1; 6) 6 > 1. 



Ta6jiHii,a 1 



HoMep 
o5jiacTH 


KopHH W 


06jiaCTb 
HSMeHeHHJI Ul 


06jiacTb 
HSMeneHHa U2 


I 


—1712 < —mi < ni < nil < n2 < 1712 


[77i, 777i] 


[^2 , 7772] 


II 


—771-2 < —mi < rii < 712 < mi < m2 


[rai,772] 


[7711,7772] 


III 


— 7712 < 77i < —7ni < mi < 712 < m2 


[— 77ii, 777i] 


[^2,7772] 


Ilh 


— 7772 < —7771 < TH-l < Til < 7772 < 772 





[7771, 77i] 


IV 


— 7772 < —mi < ni < 7771 < 7772 < 772 


[ni,777i] 





V 


— 77l2 < 77l < —7771 < 777l < 7772 < 772 


[-7771, 777l] 





VI 


77i < —7772 < —mi < 7771 < 7772 < 772 


[-7771, 777i] 





VII 


— 7772 < —7771 < mi < 77i < 772 < "72 





[7711,771] U [712,7772] 



cooTBeTCTBHH c Hx HyMepaii,HeH Ha pHC.[Tl HMeeM: 1) 7771 = |77i|; 2) 7771 = 712; 3) 7n,2 = 772; 4) 7772 = |77i|. 
CsoflKa pesyjiBTaTOB no pacnpeflejieHHio SHaneHHii ()4.1ip npiiBeflena b nepBbix /iByx CTOJi6ii;ax Ta6ji. [TJ 
OcTaBmnecH /i,Ba CTOJi6ii,a co/iepjKaT npoMeJKyTKH ocn;Hjijiiiii;HH nepeMennbix ui,U2, onpe^ejieHHbie co- 
rjiacHO (|4.12p . TaKHM o6pa30M, flBHJKeHHH B03M0>KHbi jiHLUb B o6jiacTax I — III, npH 3TOM npoeKii,Ha 
iiHTerpajibHoro MHorooGpasiM na njiocKOCTb pasflejieHHbix nepeMennbix coctoht h3 o/],noro npsMO- 
yrojibnHKa. 

CyMMHpyeM nojiynennyio Hn4)opMau;Hio OTnocnTejibno ^onycTHMoro MnojKecTBa. 

TeopeMa 1. /l^oTiycmuMoe MHOotcecmeo e TipocTupancmee KOHCTnaHm nepeux UHmespaAoe K, ^/F umc- 
e7n eud: 

1) 7ipu b <\ 

V = {0 !^ f ^b,k^2b + {f - 6)2} U {6 ^ / ^ 2^/6 - 6, A; ^ 0}U 
U{f^2Vb-b,k^-2b + {f + bf}; 

2) 77p7i 6^1 

V = {0^f^l,k^2b+{f- 6)2} u {/ ^ 1, A: ^ -26 + (/ + bf}. 
B CHjiy 3THX nepaBencTB nojiynnM corjiacno ()4.3p yTBepjK/];eHHe o 6H4)ypKau;HonnoH ^narpaiviMe. 

TeopeMa 2. BucjiypKa'nuoHHan duaspaMAia 07no6paoKeHun Kx^/F cocmoum U3 CAedywiu,ux mho- 
CHcecme: npu 6 < 1 

a) k = 2b, 6 ^ / ^ 2Vb-b, 

b) f = 0, A; ^26 + 62, 

c) A; = 26 + (/-6)2, ^ / ^ 1, 

d) k = 2b + {f + bf, /^O, 
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e) k = -2b+{f + b)^, f^2Vb-b; 
a npu 6^1 

a) / = 0, 26 + 62, 

b) k = 2b+{f -bf, O^/^l, 

c) A: = 26 + (/ + 6)2, / ^ 0, 

A: = -26+(/ + 6)2, /^l. 

OTpeaoK ocH / = BKjiioHaeTca b GncJiypKai^HOHHyio flnarpaMMy, nocKOJibKy OHeBHflHO, hto hojib - 
KpHTHHecKoe SHaneHHe 4)yHKii;HH a ^jih apncJiMeTHHecKoro KopHH \/F b cooTBeTCTByiomHX TOHKax 
HapymaeTCH rjia^KOCTb. 

^onycTHMoe MHOJKecTBO H 6Hc|)ypKaii,HOHHaa flnarpaMMa yKasanbi na pnc. [2l HoMepaMH 1-7 OTMe- 
HeHbi pasjiHHHbie ynacTKH MHOJKecTB (a)-(e), na KOTopbie hx pasGnBaioT ysjioBbie tohkh flnarpaMMbi. 
OneBH^HO, HTO npH nepexoj^e k SHaHeHHHM 6 > 1 KapTHHa jinnib ynpoiii,aeTca, nosTOMy TonojiorHHe- 
CKHH anajiHS ^ocTaTOHHO npoBecTH fljiH cjiynaii 6 < 1. Ha pnc. OTMeneHbi nyxH Ai — A3, yKasaB 
6H(J)ypKaLi;HH b/iojib KOTopBix, Mbi nojiyHHM nojiHyro HH4)opMaLi,HH3 fljiH nocTpoeHHH jiio6oro rpy6oro 
TonojiorHHecKoro HHBapnaHTa. 




Phc. 2: ^onycTHMoe MHOJKecTBO h 6H4)ypKau;HOHHaH flHarpaMMa: a) 6 < 1; 6) 6 > 1. 

5 OasoBaa TonojiorHH 

PaccMOTpHM HanGojiee 5oraTbiH cjiynaii 6 < 1. J^Jin BbiHHCjieHHa KOJinnecTBa KOMnoHCHT cbhshocth 
peryjiapHbix HHTerpajibHbix MHoroo6pa3HH (KOjinnecTBa TopoB JlHyBHjijia) h KpHTHHecKHX HHTerpajib- 
Hbix noBepxHOCTeli BocnojibsyeMCH MeTO/ioM SyjieBbix BeKTop-cJjyHKi^HH [8] . ConocTaBHM KajK/ioMy pa- 
/IHKajiy rij b (|3.3p ero 6yjieB snaK 

2;i = bsgnrii, 2:3+^ = bsgnri2 (z = 1,2,3). 

HanoMHHM, HTO 3p,ecb noflpasyivieBaioTca cjie/iyromHe npeflBapHTejibHbie flelicTBHH, He BjiHHiomHe na 
HcnojibsyeMbie cJjopMyjibi. 

OHKCHpoBana HeKOTopaa CBHsnaa KOMnoneHTa 11 /i,ocTHJKHMoli o5jiacTH - npuMoyrojibHHK ocii;hji- 
jiaii;HH napbi {ui,U2)- Tor/i,a Bnojine onpe/];ejieHbi snaKH Bcex noflKopennbix BbipajKeHHii pij b saBH- 
CHMOCTHX (|3.4|) . y OTpHii;aTejibHbix Pij HSMeHHM 3HaK, MHOJKHTejib i BbiHeceM B K034)4)HLi,HeHT nepefl 
npoH3Be/i,eHHeM pa/],HKajioB h cooTBeTCTBeHHo nepeonpeflejiHM r^j Tax, hto sto sHaneune 6yflidT Bein;e- 

CTBeHHblM. 
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ConocTaBjiHa KaJK^OMy MOHOMy ot pa^HKajiOB b (|3.4|) KOMnoneHTy 6yjieBOH BeKTop-4)yHKLi;HH, no- 
jiyHHM Te BbipaJKeHHH fljiH KOMnoHCHT, KOTopbie cjjHrypHpyioT B jieBbix HacTHX ypaBHeHHH (|4.5p . rio- 
jiyHHM S-JiHHeHHyio 4)yHKii,Hio A : ^ B^. HcKjironeHHe saBHCHMbix KOMnoneHT (sjieMeHTapHbie 
npeo6pa30BaHHH CTpoK cooTBeTCTByiomeH MaTpHLi,bi) , CBO/iHT ee k 4)yHKLi,HH A : B^ ^ B^ c MaTpn- 
ii,eH (|4.7p . KOTopyio TaKJKe o6o3HaHHM nepes A. ^ajibHeiiniHH ajiropHTM coctoht b cjie/iyiomeM. Ha 
aa^aHHOM npHMoyrojibHHKe 11 apryMeHTbi 4)yHKii;HH A pasGnBaeM na ^Be rpynnbi, noMemaH b nepByio 
6yjieBbi SHaKH pa/iHKajioB, ne MenaiomHX snaK na TpaeKTopHHX b 11, a bo BTopyro - 6yjieBbi snaKH 
pa;i;HKajioB, nepHOflnnecKH MeH5iion],HX snaK na stiix TpaeKTopHHX. ^jih KajKfloro h3 necJjHKTHBHbix 
apryMBHTOB BTopoft rpynnbi 3jieMenTapHbiMH npeoGpasoBannHMH MaTpHLi;bi A pp6beMcsi Toro, htoGm 
cooTBeTCTByiomnit CTOji6eii, CTaji e^HHHHHbiM, nocjie Hero hckjiiohhm h3 A 3tot CTOJi6eii, n CTpoKy, 
co/i,epjKaiLi,yio Bbi6paHHbiH apryMeHT. B pesyjibTaTe nojiyHHM ;B-JiHHeHHoe OToGpajKenne, saBHcamee 
TOjibKO OT apryMenTOB nepBon rpynnbi. Ecjih p - ero panr, to KOJinnecTBO CBasnbix KOMnonenT iin- 
TerpajibHoro MHoroo6pa3HH, naKpbiBaiomero npHMoyrojibHHK 11 paBHO 2^ [8j. B cjiynae, Kor^a KOM- 
noneHT, saBHCHmnx TOjibKO OT apryMenTOB nepBoft rpynnbi, ne ocTaeTca, nojiaraeM p = 0, n coot- 
BeTCTByioiii,HH npHMoyrojibHHK naKpbiBaeTCH o^non KOMnonenToii. B KpHTnnecKOM cjiynae (najinnne 
KpaTnoro Kopna y MaKCHMajibHoro Mnoronjiena) ^ejiaeM to jkc caMoe c flonojiHHTejibnon oroBopKoii o 
TOM, HTO pa/iHKajibi, co/];epjKamHe KpaTnbin Kopenb, Bcer^a othochtcji ko BTopoli rpynne, ;i;aJKe ecjin 
9TOT KpaTnbiii Kopenb ~ BHyTpennaa TonKa j^jisi npoMejKyTKa oc^HJIJI^^^HH n cJ^aKTHHecKH aa Konen- 
Hoe BpeMH ne ^ocTHraeTCH cooTBeTCTByiomeii nepeMennoli pas^ejiennH. npHBe/i,ennbie paccyjK^eHHa 
npHMenaioTCH 6e3 yneTa bosmojkhocth Bbi6opa pasjinnnbix snaKOB y pa^nKajia y/ui + U2- 3tot Bbi6op 
3a/i,aeT oflHO ns fl^Byx HnBapnanTHbix noflMHorooGpasnn b P, na KOTopbie cJ^asoBoe npocTpancTBO ch- 
CTeMbi pasGnBaeT HCKjuoHennoe h3 paccMOTpennH no/iMnoJKecTBO 03 = ocoGennocTen noTenii;Hajia. 
HosTOMy B nojiHOM 4)a30B0M npocTpancTBe Bce nocjie/iyiomHe pesyjibTaTbi o KOJinnecTBe KOMnonenT 
CBHsnocTn neo6xo/i,nMO yMnojKHTb na flba. Bypfiu cnnTaTb, hto ^jih onpe/];ejieHHOCTH mm orpannnHBa- 
eMCH noflMnoroo6pa3HeM b V, sa^annbiM nepabencTBOM 0:3 > (oneBH^no, paccMaTpnBaeMaa cncTeMa 
o6jia/i,aeT CHMMeTpneii - oGpameniieM snaKa Bejinnnn Mi,M2,a3). 

Hn4)opMaii;HH o flocTHJKnMbix o5jiacTHX, apryMenTax BTopoii rpynnbi n ocTaioni,iixca nocjie pe/i,yK- 
ii,HH KOMnoneHTax GyjieBofi BeKTop-4)yHKu;HH co6pana b Ta6ji. [2j 



Ta6jiHLi,a 2 



HoMep 
o6jiacTn 
(cerMenTa) 


^OCTnJKHMaH 

o6jiacTb 


BropaH 
rpynna 


Pe/i,yii,HpoBannaH 
4)ynKn;H5i 


2P 




I 


[ni,mi]x[n2,m2] 


1,3,5,6 





1 




II 


[ni, 712] X [mi, 7712] 


3,4,5 


Zl® Z2® Zq 


2 


2T^ 


III 


[-mi,mi]x[ri2,"7.2] 


1,5,6 


Z2 © Z3 


2 


2T^ 


1 


{m = 122} X [771,1,777,2] 


3,4,5 


Zl® Z2® Ze 


2 


2S' 


2 


{m = 777,i}x [772, 7712] 


1,3,5,6 





1 




3 


{-mi = mi} X [772, 7712] 


1,5,6 


Z2 © Z3 


2 




4 


[-7771, 777l]x {772 = 


1,5,6 


Z2 © Z3 


2 




5 


[77i,7T7l]x{772 = 7772} 


1,3,5,6 





1 




6 


[m = -mi, r77i] X [712, m2] 


1,3,5,6 





1 


S ''\/ s '' 


7 


[771, mi = n2] X [mi = 7i2, m2] 


1,3,4,5,6 





1 





IloHcnnM npeo6pa30BanHH MaTpHii,bi (|4.7p b Tpex ocnoBnbix cjiynaax. 

^jiH o6jiacTH la cerMenTOB 2, 5, 6, 7 nocjie/i,OBaTejibno ncKjiionaeM napbi «CTOJi6en;-CTpoKa» {zi, Ci), 
(-23, Ci)y nocjie Hero nocjieflnnii CTOJi6eii; CTanoBHTCH eflnnnnnbiM n ncKjuonaeTCH napa (zg, (^4). OcTaeTca 
oj^sa. CTpoKa, b KOTopoli apryMeHT Z5 h3 BTopoii rpynnbi - ncKjiionaeM h ee. OcTaeTCH BeKTop-4)ynKii;H5i 
5e3 KOMHonenT (b Ta6ji. [2] ona OTMenena KaK TOJKflecTBennbiit nojib), to ecTb p = 0. Ha cerMenTe 7 
TOT cjaaKT, HTO H apryMeHT Z4 OKaabiBaeTCH bo BTopoii rpynne, yjKe ne nyjKen. 

^jiH o6jiacTH II H cerMenTa 1 nocjie/i,OBaTejibno ncKjuonaeM napbi «CTOJI6e^-CTpoKa» (2:3, Cs), 
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{z4,Ca), nocjie Hero k CTpoKe (^i npH6aBHM CTpoKy ^2- CTOJiGen; Z5 CTaHOBHTca eflHHHHHtiM h hc- 
KjiioHaeTca napa (25, (^2)- OcTaeTCH o^na CTpoKa, OTBenaiomaH 4)yHKii;HH zi (B Z2 (B zq, b KOTopoti Bce 
apryMeHTbi h3 nepBoii rpynnbi. Cjie^oBaTejibHO, p = 1. 

J^Jiii o6jiacTH III H cerMeHTOB 3,4 HCKjiioHaeM napy nocjie Hero k CTpoKe C4 npnGaBHM 

CTpoKy Ci. CTOji6eri; Z5 CTanoBHTCH eflHHHHHbiM h HCKjiioHaeTCH napa {z^,C2)- K CTpoKe C4 npnGaBiiM 
CTpoKy (^3. CT0ji6eri; zq CTanoBHTCH ep^nunHUbiM h HCKjiioHaeTca napa (zq,(^^). OcTaeTCH o^na CTpoKa, 
OTBenaiomaa 4)yHKn;HH Z2 ® z^ c apryMenxaMH h3 nepBoli rpynnti. Cjie/i,OBaTejii>HO, p = 1. 




> A 



Pnc. 3: KpyroBaa MOJiexyjia p^Jia ysjiOBbix ToneK. 

Tenepb no KOJinnecTBy KOMnonenT CBasnocTH oflnosnaHHO onpe/];ejiHH3TCH n HHTerpajibnbie Mnoro- 
o6pa3HH, jiejKan^ne b BbiGpannoii «nojiOBHHe» cncTeMbi (cJjHKCHpoBannbili snaK a^). Onn yxasanbi b 
nocjieflneM CTOJi6n;e Ta6jiHu;bi. CooTBeTCTBenno, BflOJib Bcex nyren Ai — A3 c yneTOM yKasannoro nanpaB- 
jienna HMeeM o/innaKOByio nocjie/i,OBaTejibHOCTb 6H4)ypKa^Hfi — )• 2 A — )• 2T^ — t- S — t- — t- ^ — t- 0. 
MojieKyjia noKasana na pnc. [3j HcnojibsoBanbi oGosnaHennH aroMOB b cooTBeTCTBnn c coBpeMennoii 
KjiaccH4)HKau;HeH (cm., nanpniviep, |i9j). 

Hpn nepexojie k snaHennHM b > 1 nponcxoflST oneBHflHbie ynpon^enna - ncnesaeT peryjiapnaa 
o6jiacTb III c flByMH TopaMH JlnyBHjijiH h npHMbiKaiom;He k neit cerMenTbi 3, 4, 6. 

OxMeTHM, HTO najiHHHe HBnoro ajireGpannecKoro pemennH c pasflejiennbiMH nepeMennbiMH no3BO- 
jiaeT jierKO BbinncjiHTb nnBapnanTbi TpaeKTopnofi SKBHBajienTHOCTH, ocnoBbiBaacb na nncjiax Bpan];e- 

HHH. 

Abtop BbipajKaeT ncKpennioio npnsnaTejibnocTb npocjieccopy M.II. XapjiaMOBy sa nojiesnbie coBe- 
Tbi H nocTOHnnoe BnnManne k pa5oTe. 
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